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ABSTRACT
The superfluid drag effect, in hydrodynamics of pulsating neutron stars, is conven-
tionally described with the aid of the entrainment matrix relating the mass currents
with the velocities of superfluid flows in the system. Equations for the entrainment
matrix of a superfluid mixture of neutrons and protons are derived with allowance
for the strong dependence of the energy gaps on the velocities of superfluid flows.
The calculations are carried out in the frame of the Fermi-liquid theory. The equa-
tions obtained are highly nonlinear. Numerical solutions to the equations for some
typical cases demonstrate that the components of the entrainment matrix possess a
highly nonlinear dependence on the velocities of the two superflows simultaneously.
This effect, previously ignored, can greatly influence the dynamics of neutron stars.
Key words: neutron stars – hydrodynamic aspects of superfluidity – Fermi-liquid
theory
1 INTRODUCTION
Pulsations of neutron stars consisting mostly of superfluid
nucleons are of a great interest today (see Andersson et al.
1999; Andersson 1998; Friedman & Morsink 1998; Anders-
son et al. 2003; Andersson & Kokkotas 2001; Gusakov et al.
2014; Arras et al. 2003; Gusakov et al. 2005; Sidery et al.
2010; Prix & Rieutord 2002; Glampedakis & Jones 2014;
Sourie, Oertel & Novak 2016; Alford & Pangeni 2017). As
is well known the theory of this phenomenon involves the
drag effects leading to the mutual entrainment of superfluid
flows of neutrons and protons. This effect is conventionally
described with the aid of the so called ”entrainment matrix”
that relates the mass current density with a relative velocity
of superfluid and normal components in the nucleon liquid.
For the simplest case of the npe-matter the symmetric en-
trainment matrix ραβ (α, β = n, p) can be defined by the
Andreev-Bashkin relation (Andreev & Bashkin 1975):
jn = (ρn − ρnn − ρnp) vnq + ρnnvns + ρnpvps, (1)
jp = (ρp − ρpp − ρpn) vpq + ρppvps + ρpnvns, (2)
where ρα = mαnα. Hereafter mα and nα are the nucleon
mass and number density of nucleon species α, respectively;
jα and vαs denote the mass current densities and the veloc-
ities of neutron and proton superfluid components. Finally,
vαq represent velocities of normal (non-superfluid) nucle-
? E-mail: leinson@yandex.ru
ons.1 For definiteness we consider the mixture of superfluids
in a coordinate frame, where vq = 0.
All the existing calculations of the entrainment ma-
trix(see, e.g. Borumand et al. 1996; Chamel & Haensel 2006;
Gusakov et al. 2009a) do not take into consideration the
change of the energy gap ∆(α) (vαs) due to the motion of
superfluid condensates and thus are justified only for small
oscillation amplitudes, which are restricted by the condition
vαs  v(α)cr , where v(α)cr ∼ ∆(α)0 /pFα is the critical speed
of the superfluid flow at which the superfluidity is destroyed
(∆
(α)
0 is the energy gap for Bogoliubov excitations in the su-
perfluid at rest). A comparison of the critical velocity, which
is necessary for the energy gap collapse with the known esti-
mates of relative velocities between the superfluid and nor-
mal components inside oscillating neutron stars (Kantor &
Gusakov 2014; Gusakov & Kantor 2013; Gusakov et al. 2005)
clearly demonstrates that the speed of superfluid motion can
exceed the critical values, which means that the considered
gap suppression effect can be very important for the dy-
namics of superfluid pulsations. Our goal is to develop an
approach that allows one to evaluate the entrainment ma-
trix at arbitrary speed of the superflows in the npe-matter.
The suggested theory assumes that protons are paired in
the spin-singlet 1S0 state while the neutron pairing occurs
into the spin-triplet 3P2 state (Tamagaki 1970; Takatsuka
1 The normal component vanishes at zero temperature in a super-
fluid at rest. However, in superfluid flows, the normal component
appears due to the superfluid motion.
c© 2017 The Authors
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1972). We assume also that, in the npe matter, the coulomb
interaction of protons is completely screened by relativistic
degenerate electrons.
The paper is organized as follows. In Sec. 2 the prob-
lem is considered in the frame of the Fermi liquid theory,
where the Fermi-liquid interactions are expressed through
the Landau parameters. We derive the nonlinear equations
for the entrainment matrix in a mixture of superfluid Fermi
liquids, which are valid for any velocities of the superfluid
flows. The equations obtained must be solved simultaneously
with the equations for velocity-dependent energy gaps in the
superfluid flows. In Sec. 3 we solve the corresponding gap
equations for protons and neutrons in the case of zero tem-
perature. In Sec. 4 we calculate the functions describing the
balance between the superfluid and normal components in
the superfluid flows. In Sec. 5 we incorporate the resulting
solution into equations for the entrainment matrix. Section
6 contains a derivation of the expression for the superfluid
mass currents in the system under consideration. In Sec. 7
we discuss possible applications of the nonlinear equations.
We demonstrate the results of their numerical solution for
some interesting cases and compare them with known re-
sults obtained in the linear approximation. The summary
and conclusion are collected in Sec. 8. The appendix con-
tains the derivation of the equation for the 3P2 energy gap
in the moving superfluid flow.
We use the system of units in which c = ~ = 1, and the
Boltzmann constant kB = 1.
2 NONLINEAR EQUATIONS FOR THE
ENTRAINMENT MATRIX
We begin with a general expression for the mass current
density jα in a superfluid mixture of two species of baryons.
For concreteness, we shall consider protons and neutrons,
α = n, p, although the same theory can be applied in the
case of superfluid hyperons and nucleons in the neutron star
core. Following the Fermi-liquid theory, the mass current
density can be evaluated from the same expression, which is
normally used in the case of non-superfluid matter (Leggett
1965, 1975)
jα =
∑
k,σ
mα
∂ε˜
(α)
k
∂k
n˜
(α)
k , (3)
where k and σ =↑, ↓ are the momentum of the quasiparticle
and its spin projection onto the quantization axis, respec-
tively. In this expression, the quasiparticle energy ε˜
(α)
k de-
pends on the distribution n˜
(α)
k of all interacting particles in
the system in the presence of superfluid motion. Here and
below, the tilde above a letter indicates the values that de-
pend on the velocity of the superfluid flow.
For a system at rest, the energy of protons and neutrons
in a normal Fermi liquid 
(α)
k is renormalized by interactions
only. According to the Landau theory the renormalized en-
ergy of a quasiparticle may be written with the aid of the
effective mass m∗α, which is no longer equal to the bare mass
mα but is defined by
vFα =
d
(α)
k
dk
=
k
m∗α
, (4)
where the derivative is evaluated at the appropriate Fermi
surface given by the Fermi wave vector
pFα =
(
3pi2nα
)1/3
. (5)
Since the nucleon matter is highly degenerate it is convenient
to write the energy of a quasiparticle α as
(α) (k) = µα + ξ
(α)
k , (6)
where µα = 
(α) (pFα) is the chemical potential (the Fermi
energy) of a quasiparticle species α, and ξ
(α)
k ≡ (α) (k)−µα.
Near the Fermi surface one can approximate
ξ
(α)
k = vFα (k − pFα) . (7)
In the mixture of superfluid liquids at rest, the quasiparticle
energy is renormalized as2
ε
(α)
k = ξ
(α)
k +
∑
k′σ′β
fαβ
(
k,k′
) (
n
(β)
k′ −Θ(β)k′
)
, (8)
where Θ
(α)
k ≡ Θ (pFα − |k|) is the step function, and
n
(α)
k ≡
〈∣∣∣a(α)†kσ a(α)kσ ∣∣∣〉 (9)
is the distribution function of quasiparticles in the mixture
of superfluid liquids at rest. For simplicity, we consider uni-
tary states of the superfluid nucleons of both species. Since
the uniform motion of a unitary superfluid liquid induces
no spin polarization we shall use the spin-averaged Fermi-
liquid interactions, which are parametrized by the functions
fαβ (k,k′).
The supercurrent in the system arises when the Cooper
condensate is formed by pairing of quasiparticles with mo-
mentum (k + qα) and (−k + qα). In this case, each pair ac-
quires a nonzero momentum 2qα, and the condensate moves,
as a whole, with a velocity vαs = qα/mα relative to non-
superfluid components, if any.
The energy of quasiparticles participating in the super-
fluid motion is renormalized according to
ε˜
(α)
k+qα
= ξ
(α)
k +
kqα
m∗α
+
∑
k′σ′β
fαβ
(
k,k′
) (
n˜
(β)
k′+qβ
−Θ(β)k′+qβ
)
,
(10)
Hereafter we use the fact that inequalities qα  pFα, or
equivalently, vαs  vFα are well fulfilled, in superfluid Fermi
liquids. Therefore we restrict ourselves to a linear in qα/pFα
terms to write fαβ
(
k+qα,k
′+qβ
) ' fαβ (k,k′).
Combining Eqs. (8) and (10) one finds that the renor-
malization of the quasiparticle energy owing to the motion
of superfluids is of the form
δε
(α)
k+qα
=
kqα
m∗α
+
∑
k′βσ′
fαβ
(
k,k′
)
δn
(β)
k′+qβ
, (11)
where the change of the distribution functions because of
the supercurrents is given by
δn
(α)
k+qα
≡
(
n˜
(α)
k+qα
−Θ(α)k+qα
)
−
(
n
(α)
k −Θ(α)k
)
. (12)
All existing computations of the entrainment matrix
(see, e.g. Borumand et al. 1996; Chamel & Haensel 2006;
2 This correction ∼ (∆/µ)2 is small and normally ignored.
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Gusakov et al. 2009a) do not take into account the change
in the energy gap ∆(α) (qα) due to the motion of super-
fluid condensates and, consequently, are justified only for
small amplitudes of oscillations that are restricted by the
condition vαs  v(α)cr , where v(α)cr ∼ ∆(α)0 /pFα is the critical
velocity of the superfluid flow at which the superfluidity is
destroyed (∆
(α)
0 is the energy gap for Bogoliubov excitations
in the superfluid at rest).
To develop the theory, which is valid in the case of near-
critical supercurrents one needs to incorporate, into the dis-
tribution function, the elementary excitations arising in the
system due to the motion of the superfluid condensate. To
this end, it is necessary to express the quasiparticle operators
a
(α)
k+qα↑ and a
(α)
k+qα↓, in the distribution function definition
n˜
(α)
k+qα
≡
〈∣∣∣a(α)†k+qασa(α)k+qασ∣∣∣〉 , (13)
in terms of Bogoliubov excitation operators b
(α)
±k+qασ (see,
e.g. Lifshitz & Pitaevskii 1980). The corresponding conver-
sion has been carried out by Gusakov & Haensel (2005). We
shall only outline their result, referring the reader to their
original work for more details. As it follows from Eqs. (26)-
(30) of the work (Gusakov & Haensel 2005) the distribution
function (13) can be recast to the form
n˜
(α)
k+qα
= u˜
(α)2
k F (α)k+qα + v˜
(α)2
k
(
1−F (α)−k+qα
)
, (14)
where the functions
F (α)±k+qα =
1
1 + e
1
T
E
(α)
±k+qα
(15)
represent the occupation numbers of Bogoliubov excitations
of the energy E
(α)
±k+qα in the system at the temperature T .
The parameters u
(α)
k and v
(α)
k are defined as
u˜
(α)2
k =
1
2
(
1 +
ξ
(α)
k
E˜
(α)
k
)
, (16)
and
v˜
(α)2
k =
1
2
(
1− ξ
(α)
k
E˜
(α)
k
)
. (17)
Hereafter
E˜
(α)
k ≡
√
ξ
(α)2
k + ∆˜
(α) 2, (18)
and ∆˜(α) denotes the energy gap, which depends on the
superflow velocity.3
If the system is at rest, the Bogoliubov excitations are
absent at zero temperature and the functions F (α)±k vanish,
thus
n
(α)
k =
1
2
(
1− ξ
(α)
k
E
(α)
k
)
, (19)
where
E
(α)
k ≡
√
ξ
(α)2
k + ∆
(α) 2
0 (20)
is the energy of Bogoliubov excitations in the superfluid at
rest.
3 Below it will be seen that the energy gap of each species α
depends on the velocities of both superfluid flows, vps and vns.
In a superfluid flow, the functions F (α)±k does not vanish
even at zero temperature. To demonstrate this let us expand
the quasiparticle energy variation due to the superfluid mo-
tion up to the first order in the small parameter qα/kFα  1.
δε
(α)
k+qα
=
∑
β
γαβ (vps,vns) kvβs, (21)
where γαβ (vps,vns) is some unknown matrix, which is taken
at the Fermi surface of particle species (at k = pFβ) and
depends on the flow velocities according to the relations
qα ≡ mαvαs. Notice, the dependence of the matrix γαβ
on the flow velocities reflects the balance between the su-
perfluid and normal components in the flow. This balance
changes along with the flow velocity change and should be
necessarily taken into account (see Sec. 4).
In the case of spin-singlet isotropic pairing of protons
the form (21) is quite general because there are only two vec-
tors k and vps to form a scalar δε
(α)
k+qα
. The same form seems
justified also in the case of anisotropic triplet pairing of neu-
trons if one assumes that the gap function is axial symmetric
and that the preferred direction for the principal-axis of the
gap matrix is specified by the direction of superflow motion,
i.e. Oz ‖ vns. At least at zero temperature this choice of the
principal axis seems reasonable because the direction of the
flow is the only preferred direction which exists in the uni-
form system in the absence of external fields (see appendix).
Neglecting terms of the order of (∆(α)/µα)
2 one can
write ε
(α)
k ' ξ(α)k . Than the quasiparticle energy (10) can be
expanded as
ε˜
(α)
k+qα
= ξ
(α)
k +
∑
β
γαβ (vps,vns) kvβs, (22)
Equations for the unknown components of the matrix γαβ
can be obtained by combining of Eqs. (11) and (21). To this
end one needs to calculate the change of the distribution
functions owing to the supercurrents as is given in Eq. (12).
We proceed to this calculation with the aid of Eqs. (14) -
(18).
Inserting Eqs. (14), (16), (17), and (19) into Eq. (12)
we get
δn
(α)
k+qα
=
ξ
(α)
k
2E
(α)
k
− ξ
(α)
k
2E˜
(α)
k
(
1−F (α)k+qα −F
(α)
−k+qα
)
+
1
2
(
F (α)k+qα −F
(α)
−k+qα
)
+ qαkˆ δ (k − pFα) , (23)
where kˆ = k/k denotes unit vector in the k direction.
In Eq. (23) the last term implements the fact that the
relations qα  pFα, or equivalently, vαs  vFα are well
fulfilled, in superfluid Fermi liquids, and one can therefore
keep only the terms linear in qα, thus obtaining Θ
(α)
k+q −
Θ
(α)
k ' −qαkˆ δ (k − pFα).
General form for the energy of Bogoliubov excitations in
the mixture of neutrons and protons with superfluid currents
was found in Gusakov & Haensel (2005) by a minimization
of the thermodynamic potential of the system. From Eqs.
(29), (33), and (34) of that work one finds
E
(α)
±k+qα = E˜
(α)
k ±
∑
β
γαβkvβs. (24)
MNRAS 000, 1–?? (2017)
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It is easily to see that this energy becomes negative provided
E˜
(α)
k ±
∑
β
γαβkvβs ≤ 0. (25)
The system becomes unstable when the flow velocity exceeds
some critical value. From Eq. (25) it follows that if E˜
(α)
k −∑
β γαβkvβs ≤ 0 for kvβs > 0 then E˜(α)k +
∑
β γαβkvβs ≤ 0
for kvβs < 0. When the energy of the Bogoliubov excita-
tions vanishes, they are spontaneously created in pairs and
accumulate in a superfluid system at zero temperature. As
a result the distribution function for Bogoliubov excitations
in the flow takes the form
F (α)±k+qα = Θ
∓∑
β
γαβkvβs − E˜(α)k
 , (26)
where Θ (x) is the Heaviside step-function.
As the velocities of superfluid flows are small in a
scale of the Fermi velocities the arguments of the functions
fαβ (k,k′) can be approximately put equal to their values at
the corresponding Fermi surfaces. This allows one to write
the interaction function in the form of expansion in Legendre
polynomials parametrized by the Landau parameters fαβl :
fαβ
(
k,k′
)
=
∑
l
fαβl Pl (cos θ) , cos θ ≡ kˆkˆ
′
. (27)
For a nucleon matter the Landau parameters were calculated
for various mean-field models in a series of papers (see Mat-
sui 1981; Henning & Manakos 1987; Caillon et al. 2001, 2002,
2003), where it is shown that only first two spin-averaged
Landau parameters are non-zero,4 i.e., fαβl = 0 at l ≥ 2.
The same was found for nucleon-hyperon matter (Gusakov
et al. 2009a). In view of this observation, one can employ
only the parameters fαβ0 and f
αβ
1 .
After summation over k′ in Eq. (11) the terms propor-
tional to fαβ0 mutually cancel with the identical correction
to the chemical potential.5 Thus, only fαβ1 are to be taken
into account. This contribution into the interaction (27) is
odd with respect to the replacement kˆ′ → −kˆ′. Therefore,
in Eq. (23) only odd terms, which are shown in the second
line, will survive after substitution into Eq. (11) and sub-
sequent integration over the solid angle kˆ′. Making use of
this fact one can derive equations for the unknown matrix
γαβ (vps,vns).
To this end we define the standard dimensionless Lan-
dau parameters
Fαβ1 ≡ fαβ1
√
N0αN0β , (28)
where N0α = m
∗
αpFα/pi
2, and introduce two auxiliary func-
tions (α = p, n):
Vα (vps,vns) ≡
∑
β
γαβ (vps,vns) vβs. (29)
4 The Landau parameters with l ≥ 2 are actually non-vanishing
in nucleon matter, although they do not appear in simplified
mean-field models.
5 In the system at rest, the quasiparticle energy is defined as
ξ
(α)
k ≡ (α) (k) − µα, therefore, simultaneously with the energy
correction δ(α) one has to take into account the correction to
the chemical potential δµα, caused by the same interactions. Since
the fαβ0 contribution reduces to a constant mean field, it will give
the identical additive to the energy and to the chemical potential,
which mutually cancel in the expression for ξ
(α)
k .
Substituting formulas (21) and (23) into Eq. (11) we get∑
β
γαβkvβs =
mα
m∗α
kvαs
+
1√
N0αN0β
∑
k′σ′β
Fαβ1 kˆkˆ
′ [F (β)k′+qβ −F (β)−k′+qβ
+2mβkˆ
′vβs δ
(
k′ − kFβ
)]
, (30)
where
F (α)±k+qα = Θ
(
±kVα − E˜(α)k
)
(31)
In a standard way the summation over k′ can be con-
verted into the integral∑
kσ′
≡
∫
2d3k
(2pi)3
· ·· ' pFαm
∗
α
pi2
∫ ∞
−∞
dξk
∫
dkˆ
4pi
· · · . (32)
The integral with respect to the angles on the right-hand side
of Eq. (30) can be carried out using the addition theorem,
which is valid for the Legendre polynomials:
cos θkk′ = cos θkV cos θk′V + sin θkV sin θk′V cos
(
φ− φ′) .
(33)
We get∑
β
γαβkˆvβs =
mα
m∗α
kˆvαs
+
∑
β
1
3
Fαβ1
(
pFβ
pFα
)3/2
mβ√
m∗αm∗β
kˆvβs
−
∑
β
1
3
Fαβ1
(
pFβ
pFα
)3/2√m∗β
m∗α
kˆVβΦβ , (34)
where the function Φα
(
∆˜(α), Vα
)
is given by the integral
Φα ≡ − 3
N0α
1
pFαVα
∫
d3k
8pi3
(
F (α)k+qα −F
(α)
−k+qα
)
cos θkVα ,
(35)
and the distribution function for Bogoliubov excitations is
defined in Eq. (31).
To proceed we write kˆVα in Eq. (34) in the form kˆVα =∑
β γαβkˆvβs and equate terms with the same kˆvαs in the
left- and right-hand sides thus obtaining the set of equations
for γαβ :(
1 +
1
3
Fαα1 Φα
)
γαα +
1
3
Fαβ1
(
pFβ
pFα
)3/2√m∗β
m∗α
Φβγβα
=
(
1 +
1
3
Fαα1
)
mα
m∗α
, (36)
(
1 +
1
3
Fαα1 Φα
)
γαβ +
1
3
Fαβ1
(
pFβ
pFα
)3/2√m∗β
m∗α
Φβγββ
=
1
3
Fαβ1
(
pFβ
pFα
)3/2
mβ√
m∗αm∗β
. (37)
Here α 6= β so that if α = n then β = p and vice-versa.
This formula must be supplemented by an expression for
the effective mass (Sjo¨berg 1973; Borumand et al. 1996):
m∗α
mα
= 1 +
N0α
3
[
fαα1 +
mβ
mα
(
pFβ
pFα
)2
fαβ1
]
. (38)
MNRAS 000, 1–?? (2017)
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It is convenient to recast this relation in terms of the dimen-
sionless Landau parameters:
m∗α
mα
=
(3 + Fαα1 )
(
3 + F ββ1
)
− Fαβ1 F βα1
3
(
3 + F ββ1 − Fαβ1 pFβ/pFα
) , β 6= α (39)
The Eqs. (36), (37) should be solved simultaneously
with the gap equations in order to consistently take into
account the gap dependence on the flow velocities. Below
we consider these equations.
It is necessary to stress that Eqs. (36), (37) represent a
set of nonlinear equations, where the integrals (35) depend
on the unknown functions γαβ and the flow velocities vαs
according to Eqs. (31) and (29).
3 GAP EQUATIONS
3.1 1S0 energy gap in a superfluid flow of protons
In the case of spin-singlet pairing the equation for depen-
dence of the energy gap on the superflow velocity in a
one-component superfluid is well known and repeatedly dis-
cussed in the literature (see, e.g. Bardeen 1962; Alexandrov
2003; Gusakov & Kantor 2013). The 1S0 gap equation for
a mixture of two interacting superfluids can be obtained in
the same manner as the equation for a one-component super-
fluid. To take into account the interaction effects, it is only
necessary to substitute the distribution functions for the Bo-
goliubov excitations with momentum ±k + qp, as indicated
in the equation (31). Omitting the intermediate steps, we
can write the gap equation in the form
pFpm
∗
p
pi2
ln
∆
(p)
0
∆˜(p)
=
∑
k
F (p)k+qp + F
(p)
−k+qp√
ξk2 + ∆˜(p) 2
. (40)
As in above, ∆
(p)
0 denotes the energy gap in the superfluid
system at rest, that is at q = 0, while ∆˜(p) , as before, rep-
resents the energy gap in the presence of superfluid flows.
The integral over momenta in Eq. (40) may be carried
out analytically. Then we obtain this equation in the form[
ln Λp + ln
(
1 +
√
1− η
2
p
Λ2p
)
−
√
1− η
2
p
Λ2p
]
Θ
(
1− ηp
Λp
)
+Θ
(
ηp
Λp
− 1
)
ln ηp = 0. (41)
Here and below we use the notations
ηα =
∆˜(α)
∆
(α)
0
, Λα =
pFαVα
∆
(α)
0
. (42)
The physical meaning of the introduced dimensionless pa-
rameters is quite understandable: ηα is the ratio of the gap
amplitude of the species α = p, n in the mixture of moving
superfluids to the energy gap in the same superfluid at rest.
The parameter Λα is the effective flow velocity,
Vα =
∣∣∣∣∣∣
∑
β
γαβvβs
∣∣∣∣∣∣ , (43)
in units of the characteristic velocity ∆
(α)
0 /pFα. It is neces-
sary to remind that the effective velocity Vp in Eq. (42) is
h
F
~
L   =p
0 0.2 0.4 0.6 0.8 1 1.2 1.4
0
0.2
0.4
0.6
0.8
1
p
p
V  p   /  p   Fp D(p)0
Figure 1. Ratio of the energy gap in moving superfluid flows
to the energy gap in the same superfluid mixture at rest ηp =
∆˜p/∆p0. The function Φ˜p demonstrates an increase of the fraction
of broken pairs along with increase of the effective flow velocity
Vp above the critical value vcrp1 = ∆
(p)
0 /pFp. Both the curves are
calculated for zero temperature and are shown as a function of
the dimensionless effective flow velocity Λp = Vp/vcrp1 .
defined by Eq. (43). Thus, in a mixture of two interacting
superfluid flows, the energy gap of each species depends on
the two velocities simultaneously.
Solution to Eq. (41) is depicted in Fig. 1, where the
curve ηp is shown against the effective velocity Vp in units
of ∆
(p)
0 /pFp.
One can see that at zero temperature there are two
critical velocities. The first one,
υcrp1 =
∆
(p)
0
pFp
(44)
represents the flow velocity at which the Bogoliubov excita-
tions appear in the superfluid system, and the energy gap
begins to decrease.6 The number of broken Cooper pairs in-
creases rapidly when the flow velocity builds up. Finally, all
pairs are destroyed when the effective velocity reaches the
second critical value
υcrp2 =
e
2
∆
(p)
0
pFp
. (45)
This is the well known critical velocity at which the energy
gap ∆˜(p) vanishes when the Fermi-liquid interactions are ig-
nored. (see, e.g. Alexandrov 2003; Gusakov & Kantor 2013).
6 At finite temperatures, 0 < T < Tc, the first critical velocity
is smoothed because of the temperature breaking of the Cooper
pairs.
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3.2 3P2 energy gap in a superfluid flow
We restrict our consideration to a non rotating neutron star
and consider the unitary 3P2 states of the gap matrix.
7 In
this case the equation for the amplitude of the energy gap
∆˜(n) in the superfluid neutron flow at zero temperature can
be written as (see appendix)
pFm
∗
pi2
ln
∆
(n)
0
∆˜(n)
=
∑
k
b¯2
(
kˆ
)
E˜k
(
F (n)k+q + F (n)−k+q
)
, (46)
where ∆
(n)
0 is the energy gap in the superfluid at rest, and the
distribution functions for the Bogoliubov excitations with
momentum ±k + qn, are as indicated in Eq. (31):
F (n)±k+qn = Θ
(
±kVn − E˜(n)k
)
(47)
with
E˜
(n)
k =
√
ξ2k + ∆˜
(n)2 b¯2
(
kˆ
)
. (48)
Here b¯
(
kˆ
)
is some real vector in spin space which is nor-
malized by the condition (A10). It describes the angular
dependence of the anisotropic energy gap which is given by
Dkˆ = ∆˜
(n)
∣∣∣b¯(kˆ)∣∣∣. A specific form of this vector depends
on the phase state of the Cooper condensate. We restrict our
consideration to the 3P2 pairing with a maximal projection
|M | = 2 of the total angular momentum onto the quantiza-
tion axis which is directed along the superfluid flow motion
(Arguments in favour of such a model, see appendix). In this
case one has
b¯2
(
kˆ
)
=
3
2
sin2 θ, (49)
where θ is the angle between the quasiparticle momentum
and direction of the superflow motion. It should be noted
that, by virtue of Eq. (A10), the amplitudes ∆0 and ∆˜ are
chosen as to represent the energy gap averaged over the solid
angle. Defined in this way, the average energy gap furnishes
an overall measure of the pairing correction to the ground-
state energy in the preferred state.8
The integral over momenta in Eq. (46) may be carried
out analytically. Then we obtain this equation in the form
ln
(
2
3
Λ2n
)
−
(
1 +
3
2
η2n
Λ2n
)−1
+ ln
(
1 +
3
2
η2n
Λ2n
)
= 0 (50)
Solution to Eq. (50) is depicted in Fig. 2, where the curve ηn
is shown against the effective velocity Vn in units of ∆
(n)
0 /pFn.
Important to notice that the effective velocity Vα is
the auxiliary function, which is defined in Eq. (29). It co-
incides with a real velocity of the superfluid flow only in
7 The unitarity condition implies that the superfluid state under
consideration retains time reversal symmetry and does not have,
for example, spin polarization.
8 It is necessary to notice that a definition of the gap ampli-
tude is ambiguous in the literature. For example, in the case of
|M | = 2, our gap amplitude is√2/3 times larger than the gap am-
plitude in Ref. Yakovlev & Kaminker & Levenfish (1995). Ratio
∆
(|M|=2)
0 /Tc = 1. 6573 differ in the same proportion from those
reported in Yakovlev & Kaminker & Gnedin & Haensel (2001).
hn
F
~
n
0 0.5 1 1.5 2
0
0.2
0.4
0.6
0.8
1
V  p   /  n    Fn D(n)0L   = n
Figure 2. Ratio of the energy gap in moving superfluid flows
to the energy gap in the same superfluid mixture at rest ηn =
∆˜(n)/∆
(n)
0 . The function Φ˜n demonstrates an increase of the frac-
tion of broken pairs along with increase of the effective flow veloc-
ity Vn. Both the curves are calculated for zero temperature and
are shown as a function of the dimensionless effective flow velocity
Λn = VnpFn/∆
(n)
0 .
the absence of Fermi-liquid interactions, when γαα = 1 and
γαβ = 0 for α 6= β. The calculation of the entrainment
matrix dependence on the realistic velocities of superfluid
flows with allowance for Fermi-liquid interactions represents
a complicated nonlinear problem.
4 FUNCTIONS Φα
For the proton component of the superfluid mixture the in-
tegral in Eq. (35), can be easily calculated to get
Φp (Λp, ηp) =
(
1− η
2
p
Λ2p
)3/2
Θ (Λp − ηp) . (51)
The curve ηp (Λp) on the Fig. 1 clearly demonstrates that
the condition Λp > ηp is equivalent to the condition Λp > 1.
Therefore one may replace Θ (Λp − ηp)→ Θ (Λp − 1) in Eq.
(51).
The simultaneous solving of Eqs. (36), (37) with the gap
equation ensures that the value of the energy gap is taken
along the curve ηp (Λp) depicted in Fig. 1. This condition will
be automatically fulfilled if to replace ηp → ηp (Λα) in Eq.
(51). To this end, we introduce the new function Φ˜p (Λp) ≡
Φp [Λp, ηp (Λp)]. Taking into account that Φp = 1 for Λp >
e/2 one can write
Φ˜p (Λp) = Ψp (Λp) + Θ
(
Λp − e
2
)
. (52)
Combining Eqs. (41) and (51) one can get the gap equation
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(41) in terms of the function Ψp
ln
(
1 + Ψ1/3p
)
−Ψ1/3p = − ln (Λp) Θ (Λp − 1) Θ
( e
2
− Λp
)
.
(53)
The function Φ˜p (Λp) obtained as a result of numerical solu-
tion of this equation is shown in Fig. 1.
For the neutron component of the superfluid mixture
the integral in Eq. (35) gives
Φn (Λn, ηn) =
(
1 +
3
2
η2n
Λ2n
)−1
(54)
The equation for Φ˜n (Λn) ≡ Φn [Λn, ηn (Λn)] can be found
combining Eqs. (50) and (54). It is convenient to convert
the unknown function to the form
Φ˜n (Λn) = Ψn (Λn) + Θ
(
Λn −
√
3
2
e
)
, (55)
which takes into account that Φn = 1 for Λn >
√
(3/2) e
(see appendix). Then Eq. (50) can be written in terms of
the function Ψn
Ψn + ln Ψn = ln
(
2
3
Λ2n
)
Θ
(√
3
2
e− Λn
)
(56)
The function Φ˜n (Λn) obtained as a result of numerical solu-
tion of this equation is shown in Fig. 2.
5 ENTRAINMENT MATRIX
Let us now return to the equations for the entrainment ma-
trix. Using of the functions Φ˜p (Λp) and Φ˜n (Λn) allows one
to eliminate the gap equations from the set of equations for
the entrainment matrix thus solving only Eqs. (36), (37) but
with the replacement Φα (Λα, ηα) → Φ˜α (Λα). After the re-
placement the equations take the form(
1 +
1
3
Fαα1 Φ˜α
)
γαα +
1
3
Fαβ1
(
pFβ
pFα
)3/2√m∗β
m∗α
Φ˜βγβα
=
(
1 +
1
3
Fαα1
)
mα
m∗α
, (57)
(
1 +
1
3
Fαα1 Φ˜α
)
γαβ +
1
3
Fαβ1
(
pFβ
pFα
)3/2√m∗β
m∗α
Φ˜βγββ
=
1
3
Fαβ1
(
pFβ
pFα
)3/2
mβ√
m∗αm∗β
(58)
Here Φ˜α ≡ Φ˜α (Λα), and α 6= β so that if α = n then β = p
and vice-versa.
The equations (57), (58) are to be solved with taking
into account that the effective velocity Vα (γαβ ,vαs,vβs) is
a complicated function of the two flow velocities, as is given
in Eq. (43). Thus, the set of equations (57), (58) should be
supplemented also by the equations
Λα =
pFα
∆
(α)
0
√
γ2ααv2αs + 2γααγαβvαsvβs + γ
2
αβv
2
βs, β 6= α,
(59)
which reflect the fact that the gamma matrix depends ac-
tually on the specific flow velocities vαs,vβs. Moreover, the
gamma matrix depends on the relative direction of the two
flows.
To find a solution to Eqs. (57) and (58) we convert them
to the form
γαα =
mα
m∗α
1
S
[(
1 +
Fαα1
3
)(
1 +
F ββ1
3
Φ˜β
)
−
(
Fαβ1
3
)2
Φ˜β
]
,
(60)
γαβ =
1
3
mβ√
m∗αm∗β
1
S
(
pFβ
pFα
)3/2
Fαβ1 (1− Φ˜β) , (61)
S ≡
(
1 +
Fαα1
3
Φ˜α
) (
1 +
F ββ1
3
Φ˜β
)
−
(
Fαβ1
3
)2
Φ˜αΦ˜β .
(62)
At first glance, these equations are similar to the equations
obtained by Gusakov and Haensel in Gusakov & Haensel
(2005), but the meaning of the functions Φ˜α (Λα) is differ-
ent. Actually, Eqs. (60)-(62) recover the result obtained in
Gusakov & Haensel (2005) only when the flow velocities are
small and Φ˜α → 0, see below.
6 SUPERFLUID MASS CURRENTS
We now turn to a calculation of the mass current caused
by the superfluid flows. Substituting Eqs. (22) and (14) into
Eq. (3) and performing simple integrations we find
jα = mαnαVα
[
1− Φ˜α (Λα)
]
, (63)
where the functions Φ˜α (Λα) are defined in Eqs. (52), and
(59)
Vα =
∑
β
γαβ (vps,vns) vβs, (64)
and γαβ (vαs,vβs) denotes the solution to equations (57)-
(59) for fixed pFα and pFβ . As follows from Eqs. (63) and
(64) the entrainment matrix can be written in the form
ραβ = ρα γαβ (Λp,Λn)
[
1− Φ˜α (Λα)
]
, (65)
where ρα = mαnα. It represents a complicated nonlinear
function of the velocities of superfluid flows vps and vns.
It is important to notice that the right-hand side of Eqs.
(60)-(62), as well as the entrainment matrix ραβ depend on
Λα only. This greatly simplifies the problem. In practice one
needs to solve numerically the set of equations
Λp =
pFp
∆
(p)
0
|γpp (Λp,Λn) vps + γpn (Λp,Λn) vns|
Λn =
pFn
∆
(n)
0
|γnp (Λp,Λn) vps + γnn (Λp,Λn) vns|
to find Λp (vps,vns) and Λn (vps,vns) as functions of realistic
flow velocities vps and vns. Than, the entrainment matrix
can be calculated with the aid of Eqs. (60)-(62) and (65).
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7 LIMITING CASES AND APPLICATIONS
7.1 Limiting case of small velocities
If the flow velocities are small as compared to the critical
velocity, given in Eq. (44) we obtain Λα (vαs,vβs) 1 and
thus Φ˜α = 0. Substituting this into Eqs. (57), (58) we get
ραα = ρα
mα
m∗α
(
1 +
1
3
Fαα1
)
, (66)
ραβ = ρβα =
p2Fαp
2
Fβ
9pi4
mαmβf
αβ
1 , (67)
in agreement with the results obtained in Borumand et al.
(1996); Gusakov & Haensel (2005).
In the opposite limiting case, when Vα (vαs,vβs) tends
to the critical velocity, we obtain Φ˜α → 1 which leads to
ραβ = 0 because the superfluidity disappears.
7.2 Mixture of superfluid protons and
non-superfluid neutrons
We now turn to solving of Eqs. (57)-(59) in some particu-
lar cases typical for the nucleon matter in superfluid cores
of neutron stars. Such a calculation requires a knowledge of
the Landau parameters for a nucleon matter in beta equi-
librium. This is a separate complicated problem, which is
beyond the scope of our consideration. Since our goal is to
illustrate the importance of the nonlinear effects, we shall
employ the parameters derived in Gusakov et al. (2009b).
Namely we consider the npe matter with a density of nucle-
ons nb = nn+np = 3n0, where n0 = 0.16 fm
−3 is the normal
nuclear density, suggesting that the asymmetry parameter
δ = (nn − np) /nb = 0.837. For this case it was obtained
F nn1 = −1, F pp1 = −0.55, F np1 = F pn1 = −0.3. The superfluid
transition temperatures for neutrons and protons are not
reliably known. We adopt typical values used in models of
neutron stars Tcp = 5 × 109 K and Tcn = 6 × 108 K. For the
energy gaps in the proton and neutron superfluids at rest
we take ∆
(p)
0 = 1.764Tcp, ∆
(n)
0 = 1.657Tcn, respectively (see
footnote8).
First we consider the case when only protons in the
mixture of nucleons are superfluid and condensed into a
spin-singlet state. Since the neutron superfluidity sets on
at the temperature which is well below the critical temper-
ature for Cooper pairing of protons, i.e., Tcn  Tcp, the
limit of zero temperature can serve as a good approxima-
tion for calculation of the superfluid mass density of protons
at Tcn < T  Tcp.
For normal (non-superfluid) neutrons one should put
Φ˜n = 1 in Eqs. (57) and (58), thus obtaining ρnn = 0
and ρnp = ρpn = 0 . The remaining component of the en-
trainment matrix is given by
ρpp = ρpγpp
(
1− Φ˜p
)
, (68)
where Φ˜p (Λp) is given in Eqs. (52) and (53), and γpp (Λp)
obeys the equation
γpp =
mp
m∗p
(3 + F pp1 ) (3 + F
nn
1 )− (F pn1 )2(
3 + F pp1 Φ˜p
)
(3 + F nn1 )− (F pn1 )2 Φ˜p (Λp)
. (69)
The function Λp (vps) is to be found from the equation
Λp =
pFp
∆
(p)
0
|γpp (Λp) vps| . (70)
pp
 p
r 
   
/r
0 0.2 0.4 0.6 0.8 1
0
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0.5
0.75
1
1.25
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v   p   /  ps    Fp D(p)0
Figure 3. Partial density of superfluid protons ρpp/ρp against
the superfluid velocity of protons in the neutron-proton matter
of the density nb = 3n0 at zero temperature. Only protons are
assumed in a superfluid state.
If we denote
Φ¯p (vps) = Φ˜p [Λp (vps)] , (71)
then the partial density of superfluid protons can be written
as9
ρpp
ρp
=
mp
m∗p
[
(3 + F pp1 ) (3 + F
nn
1 )− (F pn1 )2
] (
1− Φ¯p
)
(
3 + F pp1 Φ¯p
)
(3 + F nn1 )− (F pn1 )2 Φ¯p
. (72)
The result of numerical calculation is represented in Fig.
3, where the partial density of superfluid protons ρpp/ρp is
shown versus the superfluid velocity of protons. As it fol-
lows from Fig. 3 the mass density of superfluid protons
drops very rapidly when the flow speed overcomes the value
vps ' 0.65∆(p)0 /pFp and completely disappears when the
speed reaches vps ' 0.73∆(p)0 /pFp. Notice that this value
is smaller than the known critical superfluid velocity (45) at
which the energy gap collapses in a superfluid Fermi gas at
zero temperature.
7.3 The case when protons and neutrons are
superfluid
It is believed that protons and hyperons in the inner core
of neutron stars condense into the isotropic 1S0 state, while
the neutron pairing occurs in the triplet 3P2 state with an
anisotropic energy gap (Tamagaki 1970; Takatsuka 1972).
Even at rest, the 3P2 superfluid neutron liquid has a compli-
cated structure, which depends on the direction of the total
9 Notice, Eqs. (69) and (72) are similar to the equations obtained
by Gusakov and Haensel in Gusakov & Haensel (2005), but the
meaning of the functions Φ˜p and Φ¯p is different.
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Figure 4. Components of the entrainment matrix ρpp (a), ρpn (b), ρnp (c), ρnn (d) in a mixture of superfluid protons and neutrons at
zero temperature in the case when the velocities of both superfluid flows are parallel and have opposite directions. It is considered the
asymmetric nucleon matter of the total number density nb = 3n0 with the asymmetry parameter δ = (nn − np) /nb = 0.837 assuming
Tcp = 5× 109 K and Tcn = 6× 108 K.
angular momentum of a Cooper pair with respect to a quan-
tization axis nˆ. In a uniform system without external fields
and at absolute zero, the orientation of the quantization axis
in the superfluid at rest is arbitrary. The states of different
orientation are degenerate. For equilibrium at a non-zero
temperature this leads to the formation of a loose domain
structure (Brueckner et al. 1960), where each domain has
a preferred axis and these domains are randomly oriented.
This fact is normally used for the superfluids at rest in or-
der to simplify the calculations (see,e.g. Baiko et al. 2001).
In the work (Gusakov & Haensel 2005) this trick is used
in the calculation of the entrainment matrix of a superfluid
neutron-proton mixture. It is assumed that on the average
the entrainment matrix is isotropic and can be calculated in
the same way as in the case of the isotropic pairing but with
some effective energy gap. Such an approach can be helpful
only in the limit of small velocities of the superfluid flows,
because the velocity dependence of the energy gap in the
neutron superfluid is very different in the cases of isotropic
and anisotropic pairing. This is clearly seen from a compar-
ison of Fig. 1 and Fig. 2. Therefore, we will consider a more
realistic model in which the pairing of neutrons in the mov-
ing superfluid liquid occurs in an anisotropic 3P2 state with
a maximum value of the total angular momentum |M | = 2,
and the quantization axis is directed along the motion of the
flow (see appendix).
We again consider the npe matter in beta equilibrium
with a density of nucleons nb = nn+np = 3n0 with the inter-
action parameters, as in the previous example. The result of
this calculation is demonstrated in Fig. 4, where the entrain-
ment matrix components are shown as functions of the two
velocities of superfluid flows of protons and neutrons. The
computation was carried out for the case when superflows
of neutrons and protons move in opposite directions.
Notice that the velocities of the two superfluid flows are
scaled differently in the plots. Namely, the superfluid veloc-
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10 Lev B. Leinson
rn
r 
 
nn
    
1
1
2
3
0
0.2
0.4
0.6
0.8
0
0.25
0.5
0.75
v   p   /  
ns   Fn
D (n)0
v   p 
  /  
ps    F
p
D
(p)
0
rp
r 
 
pp 
   
1
0.5
1
1.5
2
0
0.5
1
1.5
0
0.25
0.5
0.75
v   p   /  
ps    Fp D (p)0
v   
p  
 /  
ns 
  F
n
D
(n)
0
(a)
(d)
rn
r 
 
np
    
1
-0.04
-0.02
0
0.25
0.5
0.75
1
2
3
0
v   p   /  
ns   Fn
D (n)0
v   p 
  /  
ps    F
p D
(p)
0
(c)
rp
r 
 
pn
    
0
1
-0.4
-0.2
0
0.25
0.5
0.75
1
2
3 v   p   /  
ns   Fn
D (n)0
v   p 
  /  
ps    F
p
D
(p)
0
(b)
Figure 5. Same as in Fig. 4 but for the case when superflows of protons and neutrons move in the same direction.
ity of the proton flow vps is indicated in units of ∆
(p)
0 /pFp,
while the superfluid velocity of the neutron flow vns is given
in units of ∆
(n)
0 /pFn. In practice, these two scales can be
very different. For the case under consideration one can eas-
ily find that ∆
(n)
0 /pFn  ∆(p)0 /pFp.
As can be seen, the ρpp component is almost indepen-
dent of the velocity of superfluid neutron flow but strongly
depends on the superfluid velocity of the proton flow. The
ρpp value drops rapidly after the superfluid velocity of
the proton flow exceeds approximately 0.65∆
(p)
0 /pFp and
vanishes completely when the velocity reaches the value
0.73∆
(p)
0 /pFp. Notice that this value is substantially smaller
than the known critical superfluid velocity (45) at which the
energy gap vanishes in a superfluid Fermi gas at zero tem-
perature. Such a simple form of the ρpp component is due to
the fact that, according to Eq. (59), protons give the domi-
nant contribution to the dimensionless effective velocity Λp.
The off-diagonal mixed components of the entrainment
matrix coincide to one another, ρpn = ρnp, in accordance
with the general theory (Andreev & Bashkin 1975). Neg-
ative values of these components vanish rapidly when the
superfluid velocity of the proton flow exceeds 0.65∆
(p)
0 /pFp
and/or the superfluid velocity of the neutron flow exceeds
0.8∆
(n)
0 /pFn.
The effective velocity Vn (vns,vps) is governed by the
magnitudes of both the superfluid velocities. Therefore the
component ρnn rapidly drops along with growing of both the
velocities. This is true, however, as long as both nucleon
constituents are in superfluid states. When the superfluid
velocity of the proton flow reaches vps ' 0.7∆(p)0 /pFp protons
become normal (non-superfluid), and their contribution to
the effective velocity Vn is eliminated. The dependence of
the entrainment matrix on the superflow velocity becomes
very similar to the case, when only one of the components is
superfluid in the mixture of nucleons. Namely, ρpn = ρnp =
0, ρpp = 0, and the ρnn value becomes independent of the
proton velocity vps but drops rapidly along with growing of
vns.
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Let us assume now that the superflows of neutrons and
protons move in the same direction. Results of the calcu-
lation for this case are demonstrated in Fig. 5, where the
components of the entrainment matrix are depicted as func-
tions of the dimensionless velocities of the superfluid flows
of protons and neutrons. We see that the ρpp component of
the entrainment matrix is only slightly distinct from that
component in Fig. 4, while remaining components are modi-
fied substantially due to the change of the relative direction
of superfluid flows.
The domain of velocities where the mixed components,
ρpn = ρnp, differ from zero is a little larger than in Fig. 4.
The explanation for this is the negative values of the off-
diagonal elements of the γ-matrix. In this case, for the same
directions of velocities vns and vps, the effective velocity Vn
is less than in the case of their opposite directions.
The behavior of the ρnn component can be interpreted
in the same way as in the previous case. The velocity de-
pendence of the component reduces to a more simple form
when the proton flow speed vps exceeds 0.73∆
(p)
0 /pFp, and
the proton superfluidity disappears. In that domain the com-
ponent ρnn becomes independent of the proton flow velocity.
Furthermore, ρpn = ρnp = 0, ρpp = 0, and ρnn drops rapidly
when the superfluid velocity of the neutron flow vns exceeds
1.6∆
(n)
0 /pFn.
As it follows from Figs. 4 and 5, at zero temperature,
the linear approximation is accurate in a wide range of the
superfluid flow velocities only for the ρpp component of the
entrainment matrix that does not depend on the neutron
flow velocity and has a plateau up to the superfluid pro-
ton velocity of about 0.65∆
(p)
0 /pFp. Notice, this magnitude
is model dependent of the values of the Landau parameters
used. For the remaining components the domain near the
origin of the velocity axes, where the linear approximation
can be employed is very small. These components of the
entrainment matrix, can be calculated in the linear approx-
imation only for vps  ∆(p)0 /pFp and vns  ∆(n)0 /pFn.
8 SUMMARY AND CONCLUSION
In the frame of the Fermi-liquid theory we have derived equa-
tions for the entrainment matrix in a superfluid mixture of
nucleons at arbitrary velocities of superfluid flows. The ob-
tained equations account for the velocity dependence of the
energy gaps and, therefore, are highly nonlinear. The prob-
lem is solved for the case of zero temperature in the assump-
tion of an isotropic 1S0 pairing of protons and anisotropic
3P2 pairing of neutrons. We have considered the model,
where the pairing of neutrons in a moving superfluid liq-
uid occurs in the state with a maximum value of the total
angular momentum |M | = 2, and the quantization axis is
directed along the motion of the flow. Arguments in favour
of this model are discussed in appendix.
It is found, that in a mixture of two interacting super-
fluid flows, the energy gap of each species α = p, n depends
on the two superfluid speeds simultaneously.10 This depen-
dence is realized by means of the effective velocities for each
10 This property was first predicted qualitatively in (Gusakov &
Kantor 2013).
species Vα (vns,vps) which are complicated functions of the
realistic flow velocities vns,vps. It is shown that the motion
of superfluid condensate leads to instability of the super-
fluid state manifested in the appearance of Bogoliubov ex-
citations at zero temperature. For the case of 1S0 pairing
we have shown that, at zero temperature, there exist two
critical flow velocities. The first one, which is given in Eq.
(44), represents the velocity of the flow at which the sys-
tem becomes unstable. At this velocity the minimum energy
of Bogoliubov excitations vanishes. As a result such excita-
tions are spontaneously created in pairs and accumulate in
the superfluid system. The number of broken Cooper pairs
increases rapidly when the flow velocity builds up. All the
pairs are destroyed when the effective velocity reaches the
second critical value, which is given in Eq. (45). This is the
well known critical velocity at which the energy gap col-
lapses in the superfluid Fermi gas. In the considered case
of triplet pairing of neutrons creation of the Bogoliubov ex-
citations starts immediately with the motion beginning. In
both cases the excitations result in appearance of the normal
component and the energy gap decrease.
Although the equations for the entrainment matrix are
highly nonlinear they admit a simple analytical solution in
the limiting case of small velocities of superfluid flows. In
this case we get the results obtained in Borumand et al.
(1996); Gusakov & Haensel (2005).
For arbitrary velocities of the superfluid flows the an-
alytical solution of the nonlinear equations is impossible.
Therefore, to demonstrate the importance of the nonlin-
ear approach, we have solved the equations numerically for
some particular cases typical for the nucleon matter in su-
perfluid cores of non-rotating neutron stars. Such a calcu-
lation requires a knowledge of the Landau parameters for a
nucleon matter in beta equilibrium. This is a separate prob-
lem, which is beyond the scope of our consideration. Since
our goal is to illustrate the importance of the nonlinear ef-
fects, we have adopted the parameters derived in Gusakov
et al. (2009b). Namely, we have considered the npe matter
with the density three times larger the normal nuclear den-
sity, suggesting that the asymmetry parameter δ = 0.837.
Numerical calculation was carried out for two cases.
In the first case, it was assumed that only protons are
superfluid while the neutron liquid remains in a normal (non-
superfluid) state. In this situation the limit of zero tempera-
ture can serve as a good approximation for calculation of the
superfluid mass density of protons in the case Tcn < T 
Tcp. Our computation has shown that the mass density of
superfluid protons drops very rapidly when the flow speed
overcomes the value vps ' 0.65∆(p)0 /pFp and completely dis-
appears when the speed reaches vps ' 0.73∆(p)0 /pFp.
Next we have considered the case when both species of
nucleons are superfluid. In this case the limit of zero temper-
ature can be a reasonable approximation for the entrainment
matrix at temperatures much below the critical tempera-
ture at which the neutron superfluidity sets on T  Tcn.
We found that the components of the entrainment matrix
possess a highly nonlinear dependence on speeds of the two
superflows simultaneously. Vanishing of the superfluidity in
the superfluid mixture takes place at the flow velocities of
the order of (but not equal to) the critical values known for
single-component superfluids.
Vanishing of the superfluidity in a moving superfluid
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mixture can be crucial for oscillating neutron stars. As it
follows from Figs. 4 and 5 the domain near the origin of
the velocity axes, where the linear approximation can be
employed is very small. On the other hand, theoretical es-
timates of the neutron star pulsations (Kantor & Gusakov
2014; Gusakov & Kantor 2013; Gusakov et al. 2005) show
that even at a sufficiently small amplitude of oscillations,
the relative velocity of superfluid and normal components
of the neutron matter can exceed several times the critical
value at which the superfluidity dies out. This can affect the
oscillations themselves, making them highly nonlinear. De-
tailed discussions of the role of an entrainment in neutron
star dynamics can be found in Prix (2004); Carter et al.
(2005); Chamel & Carter (2006).
The results obtained in the present paper can be gen-
eralized to the case of finite temperature. This can be done
making use of the temperature dependent distribution func-
tions (15) in Eqs. (35), (40), and (46). The corresponding
specific calculations require more numerical work. Evidently,
at finite temperatures the entrainment matrix should vanish
at smaller velocities of the superfluid flows.
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APPENDIX A: 3P2 ENERGY GAP IN A
SUPERFLUID FLOW OF NEUTRONS
Let us consider the gap equation for a system of neutral
fermions interacting through an attractive spin-orbit poten-
tial. Let us consider a uniform superfluid flow of neutrons of
a velocity vs = q/m in the rest frame of the normal compo-
nent. For simplicity we consider the gap equation only for
the case when the order parameter ∆˜αβ (p) is a unitary ma-
trix in spin space, (α, β =↑, ↓), which satisfies the condition∑
γ
∆˜αγ (p) ∆˜
†
γδ (p) = δα,δD˜
2 (p) , (A1)
where D˜2(p) is real. Here and below, the tilde above a letter
indicates values that depend on the velocity of the super-
fluid flow. The unitarity condition implies that the super-
fluid state under consideration retains time reversal symme-
try and does not have, for example, spin polarization. For
this important case the general equation for the order pa-
rameter in a superfluid flow valid for any type of the pairing
was derived in Fujita & Tsuneto (1972) in the BCS-Gor’kov
approximation (see Eq. (12) of that work). We consider the
case of 3P2 pairing, caused by spin-orbit interactions. In
other words we assume that the effective interaction is most
attractive for S = 1, L = 1, J = 2 and that there is no tensor
coupling involving the states with different S and L.
Since the spin-orbit interaction conserves the total mo-
mentum, its matrix element can be written in the form
〈p1α,p2β |V |p4δ,p3γ〉
= δp1+p2,p3+p4Vαγ,βδ
(p1 − p2
2
,
p4 − p3
2
)
(A2)
It is adopted (see e.g. Takatsuka (1972); Fujita &
Tsuneto (1972); Khodel & Clark & Zverev (2001)) to write
Vαγ,βδ (p,p
′) in the 3P2 channel in the form of an expansion
Vαγ,βδ
(
p,p′
)
= υ
(
p, p′
)∑
M
Φ2M1,αβ (pˆ) Φ
2M∗
1,γδ
(
pˆ′
)
, (A3)
where ΦJML,αβ (pˆ) with pˆ = p/p are the standard spin-angle
MNRAS 000, 1–?? (2017)
Nonlinear approach to entrainment 13
matrices
ΦJML,αβ (pˆ) ≡
∑
MS+ML=M
(
1
2
1
2
αβ|SMS
)
× (SLMSML|JM)YL,ML (pˆ) . (A4)
In our case it is more convenient to use vector notations. Let
bM (n) be the vectors in the spin space that generate the
standard spin-angle matrices in accordance with
bM (pˆ)σ (iσy) =
√
8piΦ2M1,αβ (pˆ) , (A5)
where σ = (σx, σy, σz) are Pauli spin matrices. There are five
3P2 states with a projection of the total angular momentum
to the quantization axis M = 0,±1,±2. The corresponding
vectors are of the following explicit form
b0 (pˆ) =
√
1/2 (−pˆx,−pˆy, 2pˆz) ,
b1 (pˆ) = −
√
3/4 (pˆz, ipˆz, pˆx + ipˆy) ,
b2 (pˆ) =
√
3/4 (pˆx + ipˆy, ipˆx − pˆy, 0) ,
b−M (pˆ) = (−)M b∗M (pˆ) . (A6)
The angular dependence of bM (pˆ) is represented by
Cartesian components of the unit vector pˆ = p/p which in-
volves the polar angles on the Fermi surface, pˆx = sin θ cosϕ,
pˆy = sin θ sinϕ, pˆz = cos θ. The vectors are normalized by
the condition∫
dpˆ
4pi
b∗M′bM = δM′M . (A7)
In the vector notations one can write the matrix element of
the 3P2 interaction as
Vαγ,βδ
(
p,p′
)
= υ
(
p, p′
)∑
M
[σbM (pˆ)iσy]αβ
[
iσyσb
∗
M (pˆ
′)
]
γδ
.
(A8)
The general form of the 3P2 order parameter is known to be
of the form (see, e.g. Leinson 2010)
∆αβ,q (pˆ) = ∆˜
[
b¯ (pˆ)σ (iσy)
]
αβ
, (A9)
where ∆˜ is a scalar amplitude of the energy gap which de-
pends on the temperature and velocity of the superfluid flow,
and b¯ (pˆ) is some real vector in spin space which we normal-
ize by the condition∫
dpˆ
4pi
b¯2 (pˆ) = 1 . (A10)
When substituting expressions (A8) and (A9) into Eq. (12)
of the work Fujita & Tsuneto (1972), after performing spin
traces one gets the equation for the 3P2 energy gap in the
moving flow:
∆˜ (k) b¯
(
kˆ
)
=
∑
p
υ (k, p)
∆˜ (p)
2E˜p
∑
M
bM (kˆ)
(
b∗M (pˆ)b¯ (pˆ)
)
×
(
tanh
E˜+p
2T
+ tanh
E˜−p
2T
)
, (A11)
where
E˜p =
[
ξ (p)2 + ∆˜2 b¯2 (pˆ)
]1/2
, (A12)
E˜±p = E˜p ± 1
m
qp, (A13)
and
ξ (p) =
p2
2m
− µ ' vF (p− pF ) . (A14)
Here µ ' p2F / (2m) is the chemical potential of degenerate
particles. In writing Eq. (A12) we have neglected the terms
quadratic in q  pF . Since the volume of the system Ω drops
out of the final results we hereafter set Ω = 1 for brevity.
We identify the energy gap as
D˜ (p) = ∆˜b¯ (pˆ) , (A15)
where b¯ (pˆ) is chosen to be real in accordance to the unitar-
ity condition (A1), and note that the gap D˜ (p) depends on
the direction of the quasiparticle momentum and, in general,
has nodes. The amplitude of the energy gap ∆˜ must be real
up to an arbitrary overall phase factor e−iqR. We, therefore,
may adopt that the gap amplitude ∆˜ (p) is a real function
Making use of the orthonormality condition (A7) and
the identity∑
M
(∫
dpˆ
4pi
b¯bM
)
b∗M (pˆ) = b¯ (A16)
one can recast Eq. (A11) to its final form
∆˜ (k) =
∑
p
υ (k, p)
∆˜ (p) b¯2 (pˆ)
2E˜p
(
tanh
E˜+p
2T
+ tanh
E˜−p
2T
)
.
(A17)
In Eq. (A17), the pairing interaction υ (k, p) depends
on the absolute values of the relative particle momenta and
the integration goes over infinite momentum space. How-
ever, theory of superfluidity needs the specific form of the
pairing interaction only for a calculation of the order param-
eter (the energy gap) in the superfluid at rest. The latter
completely defines all the properties of the superfluid. Let
us demonstrate this for a dependence of the energy gap on
the velocity of the superfluid flow. To this end we write Eq.
(A17) in the form
∆˜ (k) =
∑
p
υ (k, p)
∆˜ (p) b¯2 (pˆ)
E˜p
(1−Fp+q −F−p+q) .
(A18)
where the functions F±k+q represent represent the occupa-
tion numbers of Bogoliubov excitations in the system, which
are given by the Fermi distribution functions with a chemical
potential equal to zero
F±k+q = 1
exp
(
E˜±/T
)
+ 1
. (A19)
For a superfluid at rest (i.e. for q = 0) and temperature
T = 0 the gap equation (A18) takes the form
∆0 (k) =
∑
p
υ (k, p)
∆0 (p) b¯
2 (pˆ)
Ep
, (A20)
where
Ep =
√
ξ2p + ∆
2
0b¯
2(pˆ). (A21)
Further we multiply Eq. (A18) by ∆0 (k) and Eq. (A20) by
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∆˜ (k). Combining the obtained equations we get∑
p
υ (k, p) ∆˜ (k) ∆0 (p) b¯
2 (pˆ)
(
1
E˜p
− 1
Ep
)
=
∑
p
υ (k, p) ∆0 (k) ∆˜ (p) b¯
2 (pˆ)
1
E˜p
(Fp+q + F−p+q) .
(A22)
The sums on both sides of this equation rapidly converge
at a distance ∼ ∆0 near the Fermi surface. Indeed, the
functions F±p+q on the right-hand side decrease exponen-
tially for ξp  ∆0. The function (E˜−1p −E−1p ) also decreases
rapidly with increase of a distance from the Fermi surface,
since for ξp  ∆0 this function can be expanded as
1
E˜p
− 1
Ep
' b¯
2
2ξ3p
(
∆20 − ∆˜2
)
. (A23)
In the narrow vicinity of the Fermi surface the smooth func-
tions may be replaced with their values at the Fermi sur-
face, ∆0 (p) → ∆0 (pF ) ≡ ∆0, ∆˜ (p) → ∆˜ (pF ) ≡ ∆˜,
υ (k, p) → υ (pF , pF ), and moved out from under the sum-
mation signs. This yields
∑
p
b¯2 (pˆ)
(
1
E˜p
− 1
Ep
)
=
∑
p
b¯2 (pˆ)
1
E˜p
(Fp+q + F−p+q) .
(A24)
The summation on the left-hand side can be done with the
aid of the formula∫
d3p
(2pi)3
· ·· = pFm
∗
2pi2
∫
dpˆ
4pi
∫ ∞
−∞
dξp · · · . (A25)
This gives
pFm
pi2
ln
∆0
∆˜
=
∑
p
b¯2 (pˆ)
E˜p
(Fp+q + F−p+q) , (A26)
where ∆0 is uniquely related to the temperature of the su-
perfluid transition Tc, which is assumed to be known, and ∆˜
is the energy gap, which for a fixed density depends on the
temperature and velocity of the superfluid flow. The distri-
bution functions for the Bogoliubov excitations are given by
F±p+q = 1
1 + exp
[
1
T
(
E˜p ± pFvspˆ
)] . (A27)
with
E˜p =
√
ξ2p + ∆˜2 b¯2 (pˆ). (A28)
The solution to Eq. (A26) allows one to find the gap ∆˜ as a
function of the superfluid velocity vs at temperatures below
the critical value Tc for the superfluidity onset.
The vector b¯ can be generally written as b¯i = Aij pˆj .
In the case of a unitary 3P2 condensate the 3 × 3 matrix
Aij must be a real symmetric traceless tensor. It may be
specified by giving the orientation of its principal axes and
its two independent diagonal elements in its principal-axis
coordinate system.
Since the ground state should be invariant under time
reversal the states with magnetic quantum numbers ±M
must be populated with equal likelihood. On the other hand,
the gap tensor Aij should be diagonal. This second re-
quirement excludes the possibility of populating states with
M = ±1. Therefore within the preferred coordinate system,
there exist two simple solutions of Eq. (A17).
For the first solution, which represents a condensation
of the pairs into the state with M = 0, we have b¯(pˆ) =
b0(pˆ) and b¯
2(pˆ) = 1/2
(
1 + 3 cos2 θ
)
. The second solution
of Eq. (A17) corresponds to |M | = 2. In this case b¯(pˆ) =
1/
√
2 [b2(pˆ) + b−2(pˆ)], and b¯2(pˆ) = 3/2
(
1− cos2 θ). As is
well known the two solutions, with M = 0 and |M | = 2, are
almost degenerate in the neutron superfluid at rest.
We now turn to study these states in the moving con-
densate. In the superfluid at rest all directions for the
principal-axis of the gap matrix are equivalent because the
corresponding states are degenerate. However, the superfluid
motion removes the degeneration. The terms proportional to
pvs, in the quasiparticle energy (A13), make the direction
of the quantization axis along the motion more favourable.
Therefore one may consider that at zero temperature the
preferred direction for the principal-axis of the gap matrix
is specified by the direction of superflow motion, i.e. Oz ‖ q.
This choice seems reasonable because the direction of the
flow is the only preferred direction which exists in the uni-
form system in the absence of external fields.
Now we need to choose between the states M = 0 and
|M | = 2. To this end, we can compare the maximum values
of the superfluid flow velocity vsmax = qmax/m at which the
energy gap vanishes in each of the two cases. To find it we
consider Eq. (A26) for ∆˜/∆0  1. In the limit T → 0, this
equation becomes of the form
ln
∆20
∆˜2
= 2
∫ 1
0
d cos θ
∫ ∞
0
du
b¯2Θ (qmaxξ0 cos θ − u)√
u2 +
(
∆˜2/∆20
)
b¯2
, (A29)
where ξ0 = vF /∆0 is the coherence length of correlated
fermions at zero temperature, and Θ (z) is a unit-step func-
tion, Θ (z) = 1 if z ≥ 0 and Θ (z) = 0 otherwise. Since in
the rest frame the states M = 0 and |M | = 2 are almost
degenerate one can put ξ
(MJ=0)
0 ' ξ(|MJ |=2)0 = ξ0.
Doing the last integral in the limit ∆˜/∆0 → 0 we get
the relation∫ 1
0
b¯2 ln
4q2maxξ
2
0 cos
2 θ
b¯2
d cos θ = 0. (A30)
For a 3P2 condensation with MJ = 0 one has b¯
2 =
(1/2)
(
1 + 3 cos2 θ
)
. In this case, from Eq. (A30) we find lim-
iting value of q
(MJ=0)
max at which the energy gap vanishes at
zero temperature
q(MJ=0)max ξ0 =
√
2
2
e
1
27
pi
√
3+ 1
6 = 1. 021 9 . (A31)
For a condensation with |MJ | = 2 one has b¯2 = (3/2) sin2 θ.
In this case Eq. (A30) gives
q(|MJ |=2)max ξ
(|MJ |=2)
0 =
√
3
2
e = 2. 019 . (A32)
A comparison of Eqs. (A31) and (A32) allows one to prefer
the mode, where the moving 3P2 condensate exists in the
state with |MJ | = 2. It is obviously true at least at q >
q
(MJ=0)
max .
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